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FRAMING FUNCTIONS AND STRENGTHENED VERSION OF DEHN’S
LEMMA
TETSUYA ITO
Abstract. We give a lower estimate of the framing function of knots, and prove a strengthened
version of Dehn’s lemma conjectured by Greene-Wiest.
Let K : S1 → S3 be an oriented knot in S3. A compressing disc of K is a smooth map
D : D2 → S3 such that D|∂D2 = K and that D|IntD2 is transverse to K. The intersection
points of D and K are called holes. In [GW], Greene and Wiest defined the framing function
nK : Z→ Z≥0 of a knot K by
nK(k) = min{#D ∩K |D is a compressing disc with i(D,K) = k}.
Here i(D,K) denotes the algebraic intersection number of D and K.
The aim of this paper is to show the following theorem conjectured in [GW].
Theorem 1. If K is not the unknot in S3, then nK(0) ≥ 4.
As is observed in [GW], this theorem can be understood as a strengthened version of Dehn’s
lemma. Dehn’s lemma [P] says that if K admits a compressing disc without holes, then K is the
unknot. Theorem 1 says that one can weaken the hypothesis as K admits a compressing disc with
two holes of opposite sign.
First of all, we give a lower bound of nK(0) in terms of the genus of K. Although this estimate
is a direct consequence of Gabai’s theorem on immersed Seifert genus, it gives rise to a new insight
for the framing function: The definition and several calculations of the knot framing function in
[GW] suggest that nK is related to four-dimensional invariants of knots, like the signature and
the unknotting number. The following estimate demonstrates that nK is also related to three-
dimensional invariants of knots.
Proposition 1. Let g(K) be the genus of K. Then nK(0) ≥ 2g(K).
Proof. Let D : D2 → S3 be a compressing disc with m positive holes and m negative holes. As
is observed in [GW], we may assume that D is an immersion. For a pair of a positive hole p and
a negative hole n of D which lie adjacent on K, we remove small neighborhoods of p and n and
attach a thin tube contained in a neighborhood of K, as shown in Figure 1. This gives rise to an
immersion I : Σ = Σm,1 → S
3, where Σm,1 denotes the closed oriented surface of genus m minus
an open disc.
The immersion I is an embedding near K = ∂Σ and I−1I(∂Σ) = ∂Σ, so I is an immersed
Seifert surface of K. Since the immersed Seifert genus is equal to the usual genus of K [Ga,
Corollary 6.22], g(K) ≤ m. 
Proof of Theorem 1. Assume that there exists a non-trivial knot K with nK(0) = 2. By Proposi-
tion 1, if g(K) > 1, then nK(0) ≥ 4 so g(K) must be one. Let D be a compressing disc of K with
exactly one positive and one negative hole.
From the proof of Proposition 1, by attaching a tube to D we get an immersed Seifert surface
I : Σ1,1 → S
3 of genus one. Take a loop γ ⊂ Σ1,1 so that it is homotopic to the co-core of the
attached tube. Then the loop I|γ : S
1 → S3 − K represents a meridian of K so [I(γ)] 6= 0 ∈
H1(S
3 −K).
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Figure 1. Compressing disc D and immersion I
Let F be a genus one, embedded Seifert surface of K and let M be the closed 3-manifold
obtained by 0-framed surgery along K. By attaching one disc to F , we get an incompressible
torus F̂ in M . Similarly by attaching one disc to the boundary of I(Σ1,1), we get an immersion
of a torus Î : T 2 →M .
We will show that [Î(γ)] = 0 ∈ H1(M). Since the inclusion S
3 − N(K) →֒ M induces an
isomorphism on the first homology group, this implies that [I(γ)] = 0 ∈ H1(S
3 − K). This is a
contradiction, which completes the proof of the theorem. We remark that [Î(γ)] = 0 ∈ H1(M)
if and only if the algebraic intersection of Î(γ) and F̂ is zero. In particular, if the loop Î(γ) is
disjoint from F̂ or lies on F̂ , then [Î(γ)] = 0 ∈ H1(M).
First we put the immersed torus Î(T 2) in a nice position. This part of argument does not use
the fact that we are considering tori. We put the immersed torus Î(T 2) so that it is transverse to
F̂ . By general position argument, we may also assume that F̂ does not contain branch points and
triple points of Î(T 2), so F̂ ∩ Î(T 2) are immersed circles on F̂ with only double point singularities.
Since the double points of such circles correspond to the intersections of the double point curves
of Î(T 2) and F̂ , the preimage Î−1(F̂ ∩ Î(T 2)) consists of simple closed curves of T 2.
Claim 1. By homotopy, we may modify Î(T 2) so that each connected component of Î−1(F̂ ∩Î(T 2))
is an essential simple closed curve in T 2.
Proof of Claim. By homotopy, we put Î(T 2) so that the number of the connected components
Î−1(F̂ ∩ Î(T 2)) is minimal (preserving the property that the preimage Î−1(F̂ ∩ Î(T 2)) consists of
simple closed curves). We show that under this minimality assumption, every connected compo-
nent α of Î−1(F̂ ∩ Î(T 2)) is an essential simple closed curve on T 2.
Assume contrary, a certain connected component α is null-homotopic simple closed curve that
bounds a disc ∆T in T
2. Let us put f0 = Î|α : α→ F̂ . Since F̂ is incompressible inM , f0 is a null-
homotopic immersed circle in T 2 in F̂ . Take a homotopy fs : α → F̂ such that f1(α) is a simple
closed curve that bounds a disc ∆F in F̂ . Take a regular neighborhood N(α) ∼= α× [−1, 1] ⊂ T
2
of α in T 2, and a regular neighborhood N(F̂ ) ∼= F̂ × [−1, 1] ⊂M of F̂ so that Î(z) = (f0(x), t) ∈
N(F̂ ) ⊂M for a point z = (x, t) ∈ N(α) ⊂ T 2.
Define the homotopy Îs : T
2 →M (s ∈ [0, 1]) by
Îs(z) =


Î(z), z 6∈ N(α),
(f(1−t)s(x), t), z = (x, t) ∈ α× [0, 1] ⊂ N(α),
(f(1+t)s(x), t), z = (x, t) ∈ α× [−1, 0] ⊂ N(α).
Then Î1(α) = f1(α) is a simple closed curve in F̂ bounding a disc ∆F in F̂ .
Since π2(M) = 0 [Ga2, Corollary 8.3], by compressing ∆F (that is, by taking a homotopy of Î1
so that Î1(∆T ) = ∆F holds and with additional perturbation), we get a new immersion Î ′ such
that the number of connected components of Î ′
−1
(F̂ ∩ Î ′(T 2)) is strictly smaller than original
immersion Î. This is a contradicion. 
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Now we utilize the fact the knot we are considering is genus one, so the surfaces we are treating
are tori. The crucial point is that the fundamental group of a torus is abelian, so we have several
commuting elements of π1(M). The knowledge of the structure of centralizers (abelian subgroups)
in 3-manifold groups leads to restrictions for the possibilities of such commuting elements, which
lead to the desired conclusion Î(γ) = 0.
Take one of the connected component α of Î−1(F̂ ∩ Î(T 2)), and we denote the loop Î|α by A.
Since F̂ is incompressible in M , A is not null-homotopic in M . Take a loop B on F̂ so that {A,B}
generates a free abelian group of rank two in π1(M). For a group G and its element x ∈ G, let
ZG(x) = {y ∈ G | yx = xy} be the centralizer of x in G. As an element of π1(M), Î|γ commutes
with A = Î|α. Thus both B and Î|γ belong to Zpi1(M)(A). There are three possibilities for the
structure of the centralizer Zpi1(M)(A) [J, JS, Fr]:
(i) Zpi1(M)(A)
∼= Z.
(ii) There exist h ∈ π1(M) and an incompressible torus T in M such that Zpi1(M)(A) =
hπ1(T )h
−1.
(iii) There exist h ∈ π1(M) and a Seifert fibered component S in the geometric decomposition
of M such that Zpi1(M)(A) = hZpi1(S)(h
−1Ah)h−1.
The case (i) never occurs since we assumed A and B generates a free abelian group of rank two.
If the case (ii) occurs, then A and B are loops on the F̂ and the loop Î|γ is homotopic to a loop
contained in F̂ . This implies [Î(γ)] = 0 ∈ H1(M).
Finally assume that the case (iii) occurs, so F̂ is an incompressible torus in S. If F̂ is separating,
then the algebraic intersection number of Î(γ) and F̂ is zero, so [Î(γ)] = 0 ∈ H1(M). Hence F̂
must be non-separating.
Assume that F̂ is horizontal surface in S. Since F̂ is non-separating, a connected component
of the intersection of F̂ and the base orbifold O of the Seifert fibration yields a non-separating
simple closed curve C in O representing a non-trivial homology class in S. S is a Seifert fibered
component of the geometric decomposition of M , so either M = S, or M is obtained by gluing S
and other 3-manifold M ′ along their torus boundaries. Since boundary tori of S is the boundary
of O times regular fiber, gluing other 3-manifold M ′ does not kill the homology class represented
by C. Therefore, C also represents a non-trivial homology class in M . On the other hand, C is a
curve on F̂ so it must represent the trivial homology class of M , which is a contradiction.
This concludes that F̂ is a vertical, non-separating incompressible torus in S, hence S is a
Seifert fibered 3-manifold which is a torus bundle over the circle. This happens only if K is a
trefoil, since 0-framed surgery on a knot in S3 yields a fibered 3-manifold if and only if the knot
is fibered [Ga2, Corollary 8.19]. However, nTrefoil(0) = 4 [GW], this cannot happen.

We close the paper by posting the following conjecture which generalizes Greene-Wiest’s one.
Conjecture 1. nK(0) ≥ 4g(K).
Our results shows that this is the case if g(K) = 1. This is also true for the case K is a torus
knot [GW].
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